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Abstract
The goal of this work is to extend Dirac-type tensor equations to a
curved space. We take four 1-forms (a tetrad) as a unique structure,
which determines a geometry of space-time.
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In [2] we suggest to take the differential forms H, I,K (see item 14 of
sect. 1 in [1]) as an additional structure on pseudo-Riemannian space. In
the current paper, developing this idea, we take four 1-forms ea (a tetrad)
as a unique structure, which determines a geometry of space-time. A metric
tensor is expressed via the tetrad. Hence we arrive at a geometry, which was
considered by many authors (see, for example, Møller [6]) as a mathematical
model of physical space-time and gravity (according to the Theory of General
Relativity the gravity is identified with the metric tensor).
The goal of our work, begining at [1],[2], is to extend Dirac-type tensor
equations (see [4]) to a curved space.
∗Research supported by the Russian Foundation for Basic Research grants 00-01-00224,
00-15-96073.
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1 A pseudo-Riemannian space
LetM be a four dimensional differentiable manyfolds with local coordinates
xµ, µ = 0, 1, 2, 3 and with a metric tensor gµν = gνµ such that g00 > 0,
g = det‖gµν‖ < 0 and the signature of matrix ‖gµν‖ is equal to −2. The full
set of {M, gµν} is called a pseudo-Riemannian space and is denoted by V.
The metric tensor defines the Levi-Civita connection, the curvature tensor,
the Ricci tensor, and the scalar curvature
Γµν
λ =
1
2
gλκ(∂µgνκ + ∂νgµκ − ∂κgµν), (1)
Rλµν
κ = ∂µΓνλ
κ − ∂νΓµλκ + ΓµηκΓνλη − ΓνηκΓµλη, (2)
Rνρ = R
µ
νµρ, (3)
R = gρνRρν (4)
with symmetries
Γµν
λ = Γνµ
λ, Rµνλρ = Rλρµν = R[µν]λρ, Rµ[νλρ] = 0, Rνρ = Rρν
Let ⊤pq be the set of all tensor fields of rank (q, p) on V. The covariant
derivatives ∇µ : ⊤pq → ⊤pq+1 are defined via the Levi-Civita connection by
the following rules:
1. If t = t(x), x ∈ V is a scalar function, then
∇µt = ∂µt.
2. If tν ∈ ⊤1, then
∇µtν ≡ tν;µ = ∂µtν + Γλµνtλ.
3. If tν ∈ ⊤1, then
∇µtν ≡ tν;µ = ∂µtν − Γνµλtλ.
4. If u = uν1...νkλ1...λl ∈ ⊤kl , v = vµ1...µrρ1...ρs ∈ ⊤rs, then
∇µ(u⊗ v) = (∇µu)⊗ v + u⊗∇µv.
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With the aid of these rules it is easy to calculate covariant derivatives of
arbitrary rank tensor fields. Also we can check the formulas
∇µgαβ = 0, ∇µgαβ = 0, ∇µδβα = 0,
∇α(Rαβ − 1
2
Rgαβ) = 0,
(∇µ∇ν −∇ν∇µ)aρ = Rλρµνaλ,
for any aρ ∈ ⊤1.
2 A parallelisable manyfolds
An n-dimensional differentiable manifolds is called parallelisable if there ex-
ist n linear independent vector or covector fields on it. Let M be a four
dimensional parallelisable manifolds with local coordinates x = (xµ) and
eµ
a = eµ
a(x), a = 0, 1, 2, 3
be four covector fields on M. This set of four covectors are called a tetrad.
The full set {M, eµa} is denoted by W. Here and in what follows we use
greek indices as tensorial indices and latin indices as nontensorial (tetrad)
indices, which enumerate covectors.
Let us take the Minkowski matrix
ηab = η
ab = diag(1,−1,−1,−1).
Then we can define a metric tensor
gµν = eµ
aeν
bηab, (5)
such that
gµν = gνµ, g00 > 0, g = det‖gµν‖ < 0
and the signature of the matrix ‖gµν‖ is equal to −2. The Levi-Civita con-
nection Γµν
λ, the curvature tensor Rµνλρ, the Ricci tensor Rνρ, the scalar
curvature R, and the covariant derivatives ∇µ are defined via gµν as in sect.
1. All constructions of [1] (the Clifford product of differential forms, the
Spin(1,3) group, Upsilon derivatives Υµ, etc.) are valid in the parallelisable
manyfolds W.
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We raise and lower latin indices with the aid of the matrix ηab = η
ab and
greek indices with the aid of the metric tensor gµν
eνa = gµνeµ
a, eµa = ηabeµ
b.
If we take 1-forms ea, ea ∈ Λ1
ea = eµ
adxµ, ea = ηabe
b,
then we see that
eaeb + ebea = 2ηab. (6)
Indeed,
eaeb + ebea = eµ
adxµeν
bdxν + eν
bdxνeµ
adxµ =
= eµ
aeν
b(dxµdxν + dxνdxµ) = eµ
aeν
b2gµν = 2ηab.
The transformation
ea → eˇa = S−1eaS, (7)
where S ∈ Spin(1, 3), is called a Lorentz rotation of the tetrad. Evidently,
formula (6) is invariant under Lorentz rotations of the tetrad, i.e.,
eaeb + ebea = 2ηab ↔ eˇaeˇb + eˇbeˇa = 2ηab.
In the sequel we use the following lemma.
Lemma .
eaUea =


4U for U ∈ Λ0⊤pq ,
−2U for U ∈ Λ1⊤pq ,
0 for U ∈ Λ2⊤pq ,
2U for U ∈ Λ3⊤pq ,
−4U for U ∈ Λ4⊤pq .
The proof in by direct calculation.
Let us take a tensor Bµ ∈ Λ2⊤1
Bµ = −1
4
ea ∧Υµea. (8)
Theorem . Under the Lorentz rotation of tetrad (7) the tensor Bµ trans-
forms as
Bµ → Bˇµ = S−1BµS − S−1ΥµS.
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Proof. We have Bµ = −14ea ∧Υµea = −14eaΥµea. Therefore
−4Bˇµ = eˇaΥµeˇa = S−1eaSΥµ(S−1eaS) = S−1eaS(ΥµS−1)eaS+S−1eaΥµeaS+
S−1eaeaΥµS = −4S−1BµS + 4S−1ΥµS + S−1eaS(ΥµS−1)eaS.
Here we use the formula eaea = 4 from the Lemma. It can be checked
that SΥµS
−1 ∈ Λ2⊤1. Consequently from the Lemma we get that
eaS(ΥµS
−1)ea = 0.
These completes the proof.
Note that the set of 2-forms Λ2 can be considered as the real Lie algebra of
the Lie group Spin(1, 3). Hence Bµ belong to this Lie algebra. Bµ is a tensor
with respect to changes of coordinates. But, according to the Theorem, under
Lorentz rotations of the tetrad Bµ transforms as a connection.
Now we may define operators Dµ = Υµ − [Bµ, · ] acting on tensors from
Λ⊤pq and such that
Dµea = 0, Dµea = 0, Dµ(UV ) = (DµU)V + UDµV, DµDν −DνDµ = 0.
Consider the tensor from Λ2⊤2
1
2
Cµν = DµBν −DνBµ + [Bµ, Bν ].
It can be shown that
Cµν =
1
2
Rµναβ dx
α ∧ dxβ.
In [1] (see item 14) of sect.1) we define differential forms H ∈ Λ1; I,K ∈ Λ2;
ℓ ∈ Λ4, which we call secondary generators of Λ. These differential forms are
connected with the tetrad ea by the following formulas:
H = e0, I = −e1e2, K = −e1e3, ℓ = e0e1e2e3,
e0 = H, e1 = IKℓH, e2 = KℓH, e3 = −IℓH.
The formula for Bµ from [2]
Bµ = −3
8
HΥµH +
1
4
(IΥµI +KΥµK)
+
1
8
H(IΥµI +KΥµK)H − 1
8
IKHΥµHKI − 1
8
(KIΥµI K + IKΥµK I)
is equivalent to formula (8).
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3 Lagrangians and main equations
Consider the invariant
L2 = R + 4Tr(δB),
where R is the scalar curvature, B = dxµBµ, and the codifferential δ :
Λk → Λk−1 was defined in [5]. It can be checked that the invariant L2
doesn’t depend on second derivatives of tetrad components eµ
a. Variating
the Lagrangian L2 with respect to the components of metric tensor gµν , we
get the Einstein tensor
ǫ
√−g(Rµν − 1
2
gµνR) =
∂(
√−gL2)
∂gµν
− ∂ρ∂(
√−gL2)
∂gµν,ρ
,
where gµν,ρ = ∂ρgµν , ǫ = 1 for µ = ν and ǫ = 2 for µ 6= ν. Note that we can
easily calculate the partial derivatives ∂eµ
a
∂gαβ
, ∂eµ,ρ
a
∂gαβ,ρ
using formulas
gαβ = eα
aeβ
bηab,
∂gαβ
∂eµa
=
∂gαβ,ρ
∂eµ,ρa
= δµαeβa + δ
µ
βeαa,
∂eµ
a
∂gαβ
=
∂eµ,ρ
a
∂gαβ,ρ
=
1
δ
µ
αeβa + δ
µ
βeαa
,
where ρ = 0, 1, 2, 3. Finally, we can take the Lagrangian
L = L0 + L1 + L2 (9)
= 2Tr(e0(Ψ∗P + P ∗Ψ)) +
1
4
Tr(FµνF
µν) + (R + 4Tr(δB)),
where
P = dxµ(DµΨ+ΨAµ +BµΨ)N −mΨE,
Fµν = DµAν −DνAµ − [Aµ, Aν ].
and the Lagrangians L0,L1 were defined in sect.6 of [1]. Variating the La-
grangian L with respect to components of Ψ, Aµ and w.r.t. components of
metric tensor, we arrive at the system of equations
dxµ(DµΨ+ΨAµ +BµΨ)N −mΨE = 0,
1√−gDµ(
√−gF µν)− [Aµ, F µν ] = Jν , (10)
Rµν − 1
2
Rgµν = −T µν ,
6
where Jν are defined in (27) of [1] and T µν is the energy-momentum tensor
ǫ
√−g T µν = ∂(
√−g(L0 + L1))
∂gµν
− ∂ρ∂(
√−g(L0 + L1))
∂gµν,ρ
.
Let us remark that we may insert two constants into Lagrangian L = L0 +
c1L1 + c2L2 in (9) and into equations (10) respectively. Constants c1, c2
depend on physical units and on experimental data.
4 Comparing the Dirac equation with the
Dirac-type tensor equation
It is well known that the Dirac equation for the electron has the following
form in a curved space (see, for example, [7]):
γceµc(∂µ + iaµ − ωµab 1
4
[γa, γb])ψ + imψ = 0, (11)
where γa are complex valued 4×4-matrices with the property γaγb + γbγa =
2ηab1, 1 is identity matrix, and ωµab = ωµ[ab] is a Lorentz connection. Now
we show that the Dirac type tensor equation
dxµ(DµΨ+ aµΨI +BµΨ) +mΨHI = 0 (12)
can be written in the same form (11). A method of reduction of (12) to (11)
was developed in [3] for the case of Minkowski space.
Let us take the idempotent differential form t = t2 ∈ ΛC
t =
1
4
(1 +H)(1− iI)
and the left ideal
I(t) = {Ut : U ∈ ΛC} ⊂ ΛC.
The exterior forms t1, . . . , t4 ∈ I(t)
t1 = t, t2 = Kt, t3 = −Iℓt, t4 = −KIℓt
are linear independent and they can be considered as basis elements of I(t).
These differential forms tk define a map γ : Λ⊤qp → M(4, C)⊤qp by the
formula
Uν1...νqµ1...µptk = γ(U
ν1...νq
µ1...µp
)nktn,
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where M(4, C)⊤qp is the set of all rank (p, q) tensors with values in 4×4
complex matrices and γ(U)nk is elements of the matrix γ(U) (an upper index
enumerates rows and a lower index enumerates columns). It is easily shown
that
γ(UV ) = γ(U)γ(V )
for U ∈ Λ⊤qq, V ∈ Λ⊤sr. If we take dxµ = δµν dxν ∈ Λ1⊤1, then we get
dxµtk = γ(dx
µ)nktn.
Denoting γµ = γ(dxµ), we see that the equality dxµdxν + dxνdxµ = 2gµν
leads to the equality γµγν + γνγµ = 2gµν1. Also we have
Bµtp = γ(Bµ)
k
ptk.
Let us multiply (12) by t. Then
0 = (dxµ(DµΨ+ aµΨI +BµΨ) +mΨHI)t
= dxµ(Dµ(Ψt) + iaµ(Ψt) +Bµ(Ψt)) + im(Ψt)
= dxµ(Dµ(ψktk) + iaµ(ψktk) +Bµ(ψptp)) + im(ψntn)
= (dxµtk)(∂µψ
k + iaµψ
k + γ(Bµ)
k
pψ
p) + im(ψntn)
= ((γµ)nk(∂µψ
k + iaµψ
k + γ(Bµ)
k
pψ
p) + imψn)tn.
As t1, . . . , t4 are linear independent, we see that
(γµ)nk(∂µψ
k + iaµψ
k + γ(Bµ)
k
pψ
p) + imψn = 0, n = 1, . . . , 4.
These four equations can be written as one equation
γµ(∂µ + iaµ + γ(Bµ))ψ + imψ = 0, (13)
where ψ = (ψ1 . . . ψ4)T . We may write Bµ ∈ Λ2⊤1 as
Bµ =
1
2
bµabe
a ∧ eb = 1
4
bµab(e
aeb − ebea),
where bµab = bµ[ab]. This imply that
γ(Bµ) =
1
4
bµab[γ
a, γb], γa = γ(ea), γaγb + γbγa = 2ηab1.
Note that γµ = γceµc and the eq. (13) can be written in the form
γceµc(∂µ + iaµ + bµab
1
4
[γa, γb])ψ + imψ = 0. (14)
Consequently eqs. (11) and (14) are coinside iff a Lorentz connection is
defined by the formula ωµab = −bµab.
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